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Abstract 

It is known that the Stone-Cech compactification (3X of a metriz- 
able space X is approximated by the cohection of Smirnov compactifi- 
cations of X for all compatible metrics on X. If we confine ourselves to 
locally compact separable metrizable spaces, the corresponding state- 
ment holds for Higson compactifications. We investigate the smallest 
cardinality of a set D of compatible metrics on X such that f3X is 
approximated by Smirnov or Higson compactifications for all metrics 
in D. We prove that it is either the dominating number or 1 for a 
locally compact separable metrizable space. 
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1 Introduction 

A compactification of a completely regular Hausdorff space A is a compact 
Hausdorff space which contains A as a dense subspace. For compactifications 
aX and 7A of A, we write aX < 7A if there is a continuous surjection 
/ : 7 A aX such that f \ X is the identity map on A. If such an / 
can be chosen to be a homeomorphism, we write aX ~ 7A. Let /C(A) 
denote the class of compactifications of A. When we identify ~-equivalent 
compactifications, we may regard /C(A) as a set, and the order structure 
(/C(A), <) is a complete upper semilattice whose largest element is the Stone- 
Cech compactification jSX. 
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Let C*{X) denote the ring of bounded continuous functions from X to M. 
A subring R of C*{X) is called regular if R is closed in the sense of uniform 
norm topology, contains all constant functions, and generates the topology of 
X. Let TZ{X) denote the class of regular subrings of C*{X). Then it is known 
that (/C(X), <) is isomorphic to (71{X), C), by mapping each aX G /C(X) to 
the set of bounded continuous functions from X to M which are continuously 
extended over aX (cf. ^ Theorem 3.7], [3 Theorem 2.5]). In particular, f3X 
corresponds to the whole C*{X). (See jSli] for more details.) 

For a compactification aX of X and two closed subsets A, B of X, we 
write A \\ B {aX) if c\ax A fl dax 5 = 0, and otherwise A jf S {aX). 

For a metric space (X, d), U^^X) denotes the set of all bounded uniformly 
continuous functions from [X, d) to M. U*^{X) is a regular subring of C*{X). 
The Smirnov compactification UdX of (X, d) is the unique compactification 
associated with the subring U^{X). For disjoint closed subsets A,B of X, 
A II B (udX) if and only if d{A, 5) > Theorem 2.5]. 

The following theorem tells us that we can approximate the Stone-Cech 
compactification of a metrizable space by the collection of all Smirnov com- 
pactifications. Let M{X) denote the set of all metrics on X which are com- 
patible with the topology on X. 

Theorem 1.1. [3 Theorem 2.11] For a noncompact metrizable space X , we 
have (3X ~ sup{udX : d G M{X)} {the supremum is taken in the lattice 
(/C(X),<)). 

Now we define the following cardinal function. 

Definition 1.2. ^ Definition 2.2] For a noncompact metrizable space X, 
let m{X) = mm{\D\ : D C M{X) and (3X ~ snp{udX : d G D}}. 

For a metrizable space X, a metric d on X is called proper if each d- 
bounded set has compact closure. A proper metric space means a metric 
space whose metric is proper. 

For a function / and a subset A of the domain of /, f"A denotes the 
image of A by /. 

Let {X, d) be a proper metric space and {Y, p) a metric space. We say 
a function / from X to F is slowly oscillating if it satisfies the following 
condition: 

Vr > Ve > a compact subset of X Vx G X\K (diamp(/" Bd(x, r)) < e). 

For a proper metric space (X, li), let C^(X) be the set of all bounded con- 
tinuous slowly oscillating functions from (X, c?) to R. C^(X) is a regular 

subring of C*(X). The Higson compactification X of {X,d) is the unique 
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compactification associated with the subring C^iX). For disjoint closed sub- 
sets A, B of X , A \\ B (X ) if and only if for any R > there is a compact 
subset Kji of X such that d{x, A) + d{x, B) > R holds for all x G X \ 
jHl Proposition 2.3]. 

The following corresponds to Theorem 11.11 for Higson compactifications. 
Note that a proper metric space is locally compact and separable. Let PM(X) 
be the set of all proper metrics compatible with the topology of X. 

Theorem 1.3. [HI Theorem 3.2] For a noncompact locally compact separable 
metrizable space X , we have (3X ~ sup{X : d e PM{X)}. 

So we consider the following cardinal function. 

Definition 1.4. Definition 6.2] For a noncompact locally compact sepa- 
rable metrizable space X, let i)ci{X) = mm{\D\ : D C PM(X) and PX ~ 

supjX'^ : d G D}}. 

We have sa{X) < f)a(X) for each locally compact separable metrizable 
space X jSl Lemma 6.3]. 

For f,g G u'^, we say / <* (? if for all but finitely many n < u we have 
f{n) < g{n). The dominating number is the smallest size of a subset of uo'^ 
which is cofinal in uj^ with respect to <*. 

In Section 121 we will show that, for a locally compact separable metrizable 
space X, either sa{X) = l)o(X) = or so(X) = f)a(X) = 1 holds. In Section 
ini we will give an example of a nonseparable metrizable space X for which 
so(X) > holds. 

2 Dichotomy for locally compact separable 
spaces 

It is easily seen that saiu) = l)a(a;) = 1. In fact, the following two theorems 
give equivalent conditions respectively for sa{X) = 1 and i)a{X) = 1. 

For a space X, X^^^ denotes the first Cantor-Bendixson derivative of X, 
that is, the subspace of X which consists of nonisolated points of X. 

Theorem 2.1. [3 Corollary 3.5] For a metrizable space X , the following 
conditions are equivalent. 

1. There is a metric d G M(X) for which u^X ^ (3X holds. 

2. X^^^ is compact. 
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Theorem 2.2. [HI Proposition 2.6] For a locally compact separable metrizahle 
space X , the following conditions are equivalent. 

1. There is a proper metric d G PM(X) for which X"^ ^ [3X holds. 

2. X^^^ is compact. 

In the paper |H] we proved the following proposition. 
Proposition 2.3. jp, Examples 2.3 and 6.4] sa([0,oo)) = f)o([0,oo)) = 0. 

In this section we prove that, assuming that X is locally compact and 
separable, 5a{X) = f)a(X) = d unless X^^'^ is compact. In particular, since 
()a(X) is defined only when X is locally compact and separable, i)a{X) is 
either c) or 1 when it is defined. 

We will use the following two lemmas. 

Lemma 2.4. Lemma 1.1] For a compactification aX of a space X and 
closed subsets A, B of X, the following conditions are equivalent: 

1. A\\B [aX). 

2. There are g G C*{X) and a, b G M such that a > h, g{x) > a for all 
X & A, g{x) < b for all x ^ B and g is continuously extended over a.X . 

Note that, for a normal space X, aX ~ j3X if and only if A || S {aX) 
for any disjoint closed subsets A, B of X. 

Lemma 2.5. Lemma 1.2] Suppose thatC is a set of compactifications of a 
space X. For closed sets A, B of X , the following conditions are equivalent: 

1. A\\ B (supC). 

2. A \\ B (supjF) for some nonempty finite subset J-" of C. 

Since sa{X) < i)a{X) holds if both are defined, it suffices to show that 
sa{X) > d and i)a{X) < d. 

First we show that sa{X) > d unless sa{X) = 1. This holds for all 
metrizable spaces. 

Lemma 2.6. Let X be a metrizable space. If X^^^ is not compact, then 
5a{X) > D. 

Proof. Since X^^^ is not compact, there is a countable subset A of X^^^ which 
has no accumulating point in X. Note that A is closed in X. Enumerate A 
as {an : n < u}. 



4 



Claim 1. There are a neighborhood Un of On and a sequence {bn,i : i < uj) in 
Un ^ {o-n} for n < uo such that, 

1. for each n < u, {h^^i : i < uj) converges to a„, 

2. if n <m < UJ then Un H Um = 0, and 

3. for any f G uj"^ , the set Bf = : n < uu} has no accumulating 
point. 

Proof. Fix a metric p G M{X). For eacli n < uj, let 6n = ■ p{an, A \ {«„}). 
By tlie choice of A, we liave 5„ > 0. Let Un = Bp(a„,5„). Tlien n ^ m 
implies Un H Um = 0- Since a„ is not isolated in X, we can choose a sequence 
{hn,i : i < uj) va. Un ^ {«n} which converges to a„. Fix an arbitrary / G uj"^ . 
By the choice of 5„'s, if Bf accumulates to a point, then A must accumulate 
to the same point. Hence Bf has no accumulating point. □ 

Fix n <t) and a set D C M(X) of size k. We show that I3X 9^ supj^dX : 
deD}. 

For each d E D, define a function G u'^ by letting 

gd{n) = min {m < : Vz > m ((i(a„, < ^) } 

for n < UJ. For each nonempty finite subset F of D, let g'^? = max{(/j : / G F} 
(where max is the pointwise maximum). Since [[D]^"^! = \D\ = /t < 0, there 
is an / G uj^ which satisfies / ^* gp for every nonempty finite subset F of 
D. 

Let B = Bf = {bnj(n) : n < u}. Then B is closed and disjoint from A. 

For an arbitrary nonempty finite subset F of D, the set Ip = {n < uj : 
gpin) < f{n)} is infinite. Let C = d{\J{U^{X) : d G F}). Then C is 
the closed subring of C*{X) associated with supju^X : d G F}. By the 
definition of gp, each n E If satisfies d{an,bnj(n)) < for all d E F. If 
-0 G U{^d(^) • ^ ^ -^}' then the sequence {ip{an) — i^{bnj(n)) '■ n G If) 
converges to 0. So for all G C, {(p{an) — f{bnj{n)) '■ n G Ip) converges 
to 0. This means that there are no G C and a, f> G M such that a > b, 
(p{x) > a for all x G A, and if{x) < b for all x G 5. By Lemma \2.A\ this 
means A ^ B {sup{udX : d G -F}). Since F is an arbitrary nonempty finite 
subset of D and by Lemma |23 we have A )^ B {sup{udX : d G D}), and 
hence /9X 9^ snp{udX : d e D}. □ 

We turn to the proof of the inequality i)a{X) < d. 

For notational convenience, in the following lemmas and proofs, we let 
= Kn = iorn = -1, -2, . . . 
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Lemma 2.7. Suppose that X is a normal space, and a sequence {Cn : n < uj) 
of closed subsets of X satisfies Cn ^ int Cn+i for all n < lo and X = |J{C„ : 
n < u}. Then, for an increasing sequence {rn : n < u) of nonnegative real 
numbers, there is a continuous function (p from X to [0, oo) such that, for 
each n < u we have (p"{Cn \ int C„_i) C [r„, r„+i]. 

Proof. For each n < u, choose a continuous function from X to [0, r„] so 
that ipn"Cn~2 = {0} and (pn"{X \ intC„-_i) = {r„}. Note that, if x G Cm, 
then for all n > m + 2 we have ifn{x) = 0. So we can define a continuous 
function tp from X to [0, oo) as the pointwise maximum of {ipn '■ n < uj}, and 
then ip satisfies the requirement. □ 

Suppose that X is a locally compact separable metrizable space. Since 
X is cr-compact, there is a sequence {Kn : n < u) of compact subsets of X 
such that, for each n < a; we have Kn C int Kn+i, and X = [J{Kn '■ n < uj}. 

Lemma 2.8. Let {X, d) be a locally compact separable metric space, and 
{Kn : n < u) a sequence of compact subsets of X such that, for each n < uj 
we have Kn C int Kn+i, and X = [J{Kn : n < u}. Then, for each g G uj'^ , 
there is a proper metric dg which satisfies the following: 

1. dg is compatible with the topology of X . 

2. For n < u and x,y E X \ Kn~i we have dg{x, y) > g{n) ■ d{x, y). 

3. For n < UJ we have dg{Kn^i, X \ Kn) > n. 

Proof. Let /?„ = max{n, diam^lKn)} for each n < u, and let c be the con- 
tinuous function from X to [0, oo) which is obtained by applying Lemma f2. 71 
to {Kn : n < uj) and {Rn : n < uj). 

We may assume that g is increasing and g{Q) > 1. Choose an increasing 
continuous function / from [0, oo) to [l,oo) such that /(|) > g{n) for all 
n < UJ. For s G [0, oo), let 

F{s)= f f{t)dt. 
Jo 

Define functions p, p'g from X x X to [0, oo) by the following: 
p{x, y) = max{|c(x) - c{y)\ , d{x, y)}, 

p'gi^^y) = /(max{c(x),c(?/)}) ■ p{x,y). 

It is easy to see that p is a proper metric on X and compatible with the 
topology on X. However, p'g is not necessarily a metric on X, because p'g 
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does not satisfy triangle inequality in general. So we define a function pg 
from X X X to [0, oo) by the following: 

Pg{x, y) = mi{pg{x, zq) + ■ ■ ■ + p'g{z„ z,+i) + ■■■ + p'g{zi-i, y) : 
/ < uo and Zq^ . . . ^ zi_i G X}. 

Note that, since / is increasing, p'g{x,y) > f{max{c{x),c{y)})-\c{x) — c(|/)| > 
\F{c{x)) — F{c{y))\. Hence we have pg{x,y) > \F{c{x)) — F{c{y))\, because 

p'g{x,zo) + --- + pg{zi-i,y) 

> \F{c{x)) - F{c{zo))\ + ■■■ + \F{c{zi_^)) - F{c{y))\ 

> \F{c{x))-F{c{y))\. 

Claim 1. Letx,y be points of X . Ifx,y e X^Kn_i, n<u), then Pg{x,y) > 
f{l)-d{x,y) >g{n)-d{x,y). 

Proof. We may assume that c(x) = r > s = c{y), x G \ K^-i and 
y G Km for some m > n. By the definition of c, we have s > n. Since / is 
increasing, it suffices to show that p'g{x, Zq) ^ — • + p'g{zi_i,y) > /(|) ■ d{x, y) 
for any / < cj, Zq, • • • , Zi-i G X. 

Case 1. Assume that c{zi) > | for all i < I. Since / is increasing, the 
definition of p'g yields 

p'g{x,ZQ) H Vp'g{zi^i,y) > /(f) • {p{x,zq) H V p{zi_i,y)) 

>f{l)-p{x,y) 
>/(|).rf(x,y). 

Case 2. Assume that c{zi) < | for some i < I. Fix such an i and then we 
have the following: 

p'g{x, 00 ) H \- p'gizi-uZi) > pg{x, Zi) > F{c{x)) - F{c{zi)), 

p'g{zi, Zi+i) + ■■■ + p'g{zi-i, y) > pg{zi, y) > F{c{y)) - F{c{zi)). 

Hence it holds that 

p'gix, Zo) + --- + p'gizi^i, y) > (F(r) - Ficiz,))) + - F{c{z,))) 

>(F(r)-F(f)) + (F(.)-F(|)) 

>(^-f)/(l) + i/(i) 

-rfil). 

On the other hand, d{x, y) < r, because x, y G and r — c{x) > diam^ 
So we have 

Pg{x, zo) + --- + p'g{zi-i, y) > /(f) • d{x, y). 
This concludes the proof of the claim. □ 
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Clearly pg is symmetric and satisfies the triangle inequality. Since f{s) > 
1 for all s G [0, oo), Claim^implies that Pg is a metric on X. Moreover, pg is 
proper because Pg > p and p is proper. It is easy to see that pg is compatible 
with the topology of (X, d). 

Finally, we define a metric dg using pg. Let 6 be the continuous function 
from X to [0, oo) which is obtained by applying Lemma f2. 71 to {K^ : n < uo) 
and {v? : n < oj). Note that, for n < u, x & Kn-i and y G X \ Kn we have 
6{y) — 5{x) > n. Define dg by letting dg{x,y) = ma.x{\6{x) — S{y)\ ,pg{x,y)} 
for x,y & X. Then dg satisfies all requirements of the lemma. □ 

Lemma 2.9. For any locally compact separable metrizable space X, we have 
^a{X) < 0. 

Proof. Fix a metric d on X, and choose a sequence {K^ : n < uj) oi compact 
sets of X that meets the requirement in Lemma 12.81 For each g & , let 
dg be the metric on X which is obtained by applying Lemma (2.81 to (X, c?), 
{Kn : n < uj) and g. 

Choose a subset JF of uo'^ of size which is cofinal with respect to <*. We 
will prove that I3X ~ sup{X " : G JF}. It suffices to show that, for any two 
disjoint closed sets A, i? of X there is a G such that A || B (X 

For n < a;, let A„ = Kn+2 \ int Kn- Note that A„ C X \ Kn-i for each 
n < UJ. Since A, S are disjoint closed sets and each is compact, we have 
d{A n A„, 5 n A„) > if A n A„ 7^ 7^ 5 n A„ 7^ 0. Define Ha^b e uo'^ as 
follows: For ri < with A n A„ 7^ 7^ S n A„ 7^ 0, let 



hA.Bin) 



n 



d{A n A„,, BnAr, 



(where [r] denotes the smallest integer not smaller than r) and otherwise 
hA,B{n) is arbitrary. Find g E and N < uj such that hA,B{n) < g{n) for 
n > X. 

We claim that, for every M > N and x G X \ -ft^Af+i we have ^4) + 
dg{x,B) > M, and hence A \\ B (x'^'). Fix M < a; and a; G X \ Km+i- 
Since is a proper metric, we can find a & A and b & B such that (/^(a:, A) + 
dg{x,B) = dg{x,a) + dg{x,b) holds. Choose na,nb < u so that a G Kn^ \ 
and b G \ Kn^-i, and let n = min{na, m}. 

Case 1. n < M. Since x G X \ Km+i and dg{KM,X \ i^M+i) > we 
have dg{a,x) > M or dg{b,x) > M. 

Case 2. n > M. By the triangle inequality, it suffices to show that 
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dg{a, b) > M. If \na — nb\ < 1, then a, 6 G A,„_i, and hence we have 

dg{a, h) > g{n — 1) ■ d{a, h) 

> hA,B{n — 1) • d{a, h) 

> hA,Bin - 1) • d{A n A„_i, B n A„_i) 

> n - 1 > M. 

Otherwise, we have dg{a, h) > dg{Kn, X \ Kn+i) > n > M. 

This concludes the proof. □ 

Now we have the following theorem. 

Theorem 2.10. Let X be a locally compact separable metrizable space. If 
X'^^^ is not compact, then sa{X) = i)a{X) = D, and otherwise sa{X) = 
i)a{X) = 1. 

3 It may be further than d miles 

The cardinal i)Ci{X) is defined for locally compact separable metrizable spaces 
X, while sa(X) is defined for any metrizable space X. By Theorem 12 . 1 1 and 
Lemma EEl either sa{X) >Dot sa(X) = 1 holds for any X. In this section, 
we show the existence of a metrizable space X for which 5a{X) > d holds. 

For a topological space X, e{X), the extent of X, is defined by e{X) = 
sup{|D| : D C X and D is closed discrete} + Kq. 

Definition 3.1. For an infinite cardinal k, define \ogK by letting logK = 
mm{e : 2^ > k}. 

It is easy to see that, for a set C of infinite cardinals, we have log(sup C) = 
supjlog K : K E C}. 

Proposition 3.2. Let X be a metrizable space. If X^^^ is not compact, then 
so(X) > loge(XW). 

Proof. It suffices to show that, for infinite cardinals k and A, if X^^'^ has a 
closed discrete subset of size k and A = logK, then sa(X) > A. 

Suppose that D is a set of compatible metrics on X and \D\ = ^ < \. 
We will show that jSX 9^ sup{wpX : p G D}. Since we have sa{X) > c) by 
Lemma ESI we may assume that /i > 0. 

Choose a subset H of uo'^ of size which is cofinal with respect to <. 

Fix a closed discrete subset A = {a^ : ^ < k} of X^^\ As in the proof of 
Lemma EEl we choose a neighborhood of and a sequence {b^^i : i < uj) 
in [/^ \ {a{\ for ^ < K so that. 
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1. for each ^ < n, {b^^i : i < u) converges to a^, 



2. ii^ <r] < K then U^nUr, ^ 0, and 

3. for any e cu'^, the set {b^,,p{^) : < k} has no accumulating point. 

For each p E D and C < k, define G u)'^ by letting 



5oM 



min i^k < uj : Wi > k ^p{a^, b^^i) < — ZjTY^ 



for m < a;, and choose /i^ G so that < h^^. 

Since X) < p, — \D\ < \ — log we have Xf^ — 2^^ < k, and hence there are 
K e [k]'^ and {h^ : ^ e K} such that, for each ^ e K, /?.^ = for all p G L>. 

Fix a coimtablc set : n < a;} C fC. Let 6„ = &^„,ft€n(„) and -B = 
{&„ : n < u}. By the choice of A, t/^'s and 6^,i's, A n B = and -B is 
closed in X. Also, by the choice of ^^'s, for each p e D and n < u; we have 

Now it is easy to see that A )/[ B {sup{upX : p G D}), and hence 
PX 9^ sup{MpX : pe D}. □ 

CoroUciry 3.3. Let X„ = k x (a; + 1), where n is equipped with the discrete 
topology and uj + 1 is equipped with the usual order topology. If n > 2°, then 
sa{X^) > 0. 
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